Consider a pullback square of commutative noetherian rings and surjective homomorphisms R2 R12.
R2
R12.
Our goal is to understand certain categories of complexes over R in terms of categories of complexes over the other three rings, and in particular to study the algebraic K-theory of these categories. The classical and best understood example is the category of finitely generated projective R-modules, P(R). From Milnor [M], we know that (1) the square P(R) P(R1) is cartesian; i.e., the map from P(R) to the fiber product P(R 1) x P(R12) P(R2) {(P1, P2, a)lPi (Ri), a: P1 (R)R R2 R1 (R)R P2 an isomorphism} is an equivalence ofcategories; the inverse equivalence is given by pullback, or "patching".
(2) there is a boundary map 3: Kl(P(R12)) Ko(P(R)) that is part of an exact
Mayer-Vietoris sequence /Co(R)
where Ki(S) is defined to be Ki(P(S)) for any ring S. 5.4] shows that a pullback module can have finite projective dimension only under very restrictive conditions on certain Tor groups. This and the results of I-PM-] suggest that the natural setting for patching is not the category of modules but a corresponding derived category whose objects are complexes of modules.
Thus we consider bounded complexes Pz of projective R-modules having all of their homology in a specified category. Given data (P1, P2, 0) where : P1 (R) R2 R1 (R)R P2 is a quasi isomorphism, we would like to be able to patch along g to construct a perfect complex over R. (Ofcourse this is easy when is an isomorphism of complexes, but we need the more general formulation.) Following some preliminaries in Section 1, we will show in Section 2 that such a patching exists and is functorial in the patching data.
Next we turn to the construction of a boundary map Kn(M12) Kn-1 () where M12 and are categories of complexes over R12 and R. Thus we seek to generalize Milnor' s result both by considering the K-theory of far more general categories and by constructing the boundary map for arbitrary n. In Section 3, we define the groups K() as the homotopy groups of a certain simplicial set T(). In Section 4, we construct a map l T(2)1 T()I where T() is an approximation to T(); this induces the desired boundary map. We conclude the section by proving the exactness of a Mayer-Vietoris sequence for lower K-theory.
The construction of the map (,) is analogous to Milnor's construction of the boundary map t3 for lower K-theory 
with each Yk a direct sum of the free modules P and Q, < k < N. A similar remark applies to Q'.. The corollary follows immediately. ; Cone(f).
commutes.
We will represent structured triangles by sequences like (1.6.1), or even just A. LB.C., always remembering that part of the structure is suppressed in the notation.
In conjunction with the theory of derived categories, one calls a sequence of three maps a trianole if it is quasi-isomorphic to a standard mapping cone sequence
There is a forgetful functor from structured triangles to triangles. This functor is neither one-to-one nor onto.
Given a structured triangle (1. b(A, A')per. In much of the sequel, we will find it convenient to work with 93 instead of 99.
3. Higher K-theory. Let X be a noetherian scheme. Our goal in this section is to define the higher K-theory of X with respect to a system of supports. We will write M(X) for the category of coherent modules on X and P(X) c M(X) for the subcategory of locally free coherent sheaves.
3.1. The Hinich-Schechtman T-construction. Let n > 0 be an integer. The set T(X) is defined as follows. An element of T(X) consists of:
(1) for each pair (i,j) with 0 < <j < n, a complex H 0 in cb(P(X)); (2) 
S.(%(P(X))) + S.(C6'+(M(X))per),
and the Approximation Theorem allows us to conclude that the inclusion is a homotopy equivalence.
COROLLARY. K(X) ni+i (T.(X)
). We define the K-theory of X with supports in ff by replacing the category cKb(P(X)) with the category c6''(P(X))in the Hinich-Schechtman T-construction. This gives a new simplicial set T.(R)(X), and we define K3(X)
We may also consider the simplicial set ..*(X) constructed by replacing the category c+(M(X))p,r with the category cg+*(M(X))p, in the -construction of 3.2.
The proof of the proposition in 3.2 also shows that the inclusion T.(R)(X) ..*(X) is a homotopy equivalence, so that we may write K (X) [Qi] in Ko(C-6'(P(X))) for all i.
4. K-Theory of rings. This notation suppresses the fact that T and K depend not only on R, but on the way R is expressed as a pullback. For every pair of complexes (P, Q) in c(P(X)) such that [P] [Q] in Ko(CC'(P(X))), use 1.6 to choose arbitrarily and once for all a (possibly multistep) homotopy from P Q l-l] to an acyclic object. Call this homotopy a(P, Q By 3.6 and 1.6, the top "endpoint" is homotopic to an acyclic complex via (Po, Po)q)(P, P), and the bottom endpoint is homotopic to an acyclic com-plex via (Po, Qo) (Q1, P1 We can now paste copies of R and R 2 at the endpoints as specified in the definition of R <") and use the functor q3 of 2.4 to patch the acyclic endpoints of the above diagram to the zero complexes on Rx and R2.
The resulting object H lies in ffb(M(R<")))pe for some sufficiently large n (in fact, we can take n 4), and therefore 0 H is a 1-simplex in T.(R). 
0-Ha --H2
Here we give a complete description of the simplicial map
First, for every pair of complexes (P, Q) in (P(X)) such that [P] [Q] in Ko(C(P(X))), choose arbitrarily and once for all a (possibly multistep) homotopy from PIll 0) Q to an aeyelic object. Call this homotopy a(P, Q). [AC]
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[HS]
